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Abst rac t - - In  this paper, we obtain some Ostrowski type inequalities for vector-valued functions 
which both generalise and improve the scalar case and show that the midpoint inequality is the 
best possible inequality in the class. A quadrature formula of the Riemann type for the Bochner 
integral and the error bounds axe considered. Applications to operator inequalities and numerical 
approximation for the mild solution of inhomogeneous vector-valued differential equations are also 
pointed out. In the last section, a numerical example is analysed. ~) 2002 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
A Banach space X with the property  that  every absolutely continuous X-va lued funct ion is a lmost  
everywhere differentiable is said to be a Radon-Nikodym space [1, pp. 217-219; 2,3]. For example,  
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every reflexive Banach space (in particular, every Hilbert space) is a Radon-Nikodym space, but 
the space Loo[0, 1] of all ]K-valued, essentially bounded functions defined on the interval [0, 1], 
endowed with the norm 
[[g[[oo := ess sup [g(t)[ 
tE[0,1] 
is a Banach space which is not a Radon-Nikodym space. 
A function f : [a, b] --* X is measurable if there exists a sequence of simple functions (fn) 
(with fn : [a, b] ~ X)  which converges punctually a.e. on [a, b]. 
It is well known that a measurable function f : [a, b] ~ X is Bochner integrable if and only 
if its norm, i.e., the function t ,  ) Ilfll(t) := I l f ( t ) l l : [a ,  b] ~ X is Lebesgue integrable on [a, b], 
(see for example [41). 
In Section 2, we will use the integration by parts formula. This holds under the following 
general conditions. 
Let -c¢ < a < b < c~ and f, g be two mappings defined on [a, b] such that f is C-valued and g 
is X-valued, where X is a real or complex Banach space. If f, g are differentiable on [a, b] and 
their derivatives are Bochner integrable on [a, b], then 
(B) f 'g = f(b)g(b) - f(a)g(b) - (B) fg'. 
Using this in Section 2, we obtain some Ostrowski type inequalities for vector-valued functions 
and show that the mid-point inequality is the best possible inequality in the class. In Section 3, 
a quadrature formula of the Riemann type for the Bochner integral and the error bounds are 
considered. Section 4 is devoted to operator inequalities that can be obtained via Ostrowski type 
inequalities for vector-valued functions for which, in the last section, a numerical approximation 
for the mild solution of inhom0geneous vector-valued differential equations is given. In the last 
section, a numerical example is considered. 
For some results on the Ostrowski nequality for real-valued functions, see [5-8], and the ref- 
erences therein. 
2. OSTROWSKI 'S  INEQUAL ITY  
FOR THE BOCHNER INTEGRAL 
The following theorem concerning an improved version of Ostrowski's inequality for vector- 
valued functions holds. 
THEOREM 1. Let (X; H" 11) be a Banach space with the Radon-Nikodym property and f :  [a, b] ~ X 
an absolutely continuous function on [a, b] with the property that f '  E Loo([a, b]; X), i.e., 
IIIf'lllt~,bl,o~ := ess sup IIf'(t)ll < ~.  
tE[a,b] 
Then we have the inequalities 
_~1 (B) bf(t) --< b----~l ( t -a ) [ [ f ' ( t ) [ [d t+ (b- t ) [ [ f ' ( t ) ] [dt  
1 f ,  < 2(b - a) [(s - a) 2 I I I f i l i [o,,},~ + (b - s) 2 itl ilits,b~,oo] 
< f '  - + b -a  ]] 
1 (b -  a) f '  - Ili III[o,b],~, -<2 
(2.1) 
for any s 6 [a, b], where (B) f :  f (t)  dt is the Bochner integral of f .  
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PROOF. Using the integration by parts formula, we may write that 
/b /i ///b (b - a)f(s) - (B) f(t) dt = (B) (t - a)f'(t) dt + (B) - t)f'(t) dt. 
for any s E [a, b]. 
Taking the norm on X, we obtain 
(b -  f b dt (B) f f  f b dt a)f(s) - (B) f(t) = (t - a)f'(t) at + (B) (b - t)f'(t) 
<_ (B) faS( t -a ) f ' ( t )d t  + (B) f sb (b - t ) f ' ( t )d t  
s r b l *  
___/o (t - a)IlY'(t)ll dt + ./o (b - t)IIf'(t)ll dt 
=: B(s), 
which proves the first inequality in (2.1). 
We also have 
fa s(t - a)IIf'(t)l I dt < IIIf'lll[a,s],oo" - -  
and 
S -- a )  2 
fs  b (b - s) 2 . (b -  t)II/'(t)ll dt < IIIf'lllts,b],oo" 2 ' 
from whence, by addition, we get the second part of (2.1). 
Since 
max{ y' I IIIts,ba,~} -< IIIS'lllta,b],~, III IIl[o,,j,~,ll f' 
and by the parallelogram identity for real numbers, we have, 
( 1 1 (b -  a)  2 + s - -  [(s - a) ~ + (b - s) ~] = 
then the last part of (2.1) is also proved. 
REMARK 1. We observe that for the scalar function B : [a, b] ~ ~, we have 
a+b)  
S'(s) = (s - a)IIf'(s)ll - (b - s)Ilf '(s)[I = 2 s 2 IIf'(s)ll, 
(2.2) 
i.f.(s [ s  ] = = ( t -  a)[]f '(t) l  ] dt + (b -  t)Hf'(t)[[ dt . 
se[a,b] b - a +5)/2 
(2.3) 
Consequently, the best inequalities (in the sense of providing the tightest bound) we can obtain 
from (2.1) are embodied in the following corollary. 
for any s E [a, b], showing that B is monotonic nonincreasing on [a, (a + b)/2] and monotonic 
nondecreasing on [a + b/2, b] and 
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COROLLARY 1. With the assumptions ofTheorem 1, we have the inequality 
f (~-~) -  ~-aX (B) fj bf(t)dt 
(t - a)[[f'(t)[I dt + (b - t)I lf '(t)l[ dt 
< b - a +b)/2 (2.4) 
b-a  [IN °[[[[a,(a+b)/2],oo q- lllf'N <- 2 f' 1[(.+5)/2,51,oo] 
<41 (b - a)IIIf'llll.,b],o~ 
Bounds involving the p-norms, p E [1, o¢), of the derivative f ' ,  are embodied in the following 
theorem. 
THEOREM 2. Let (X, I1" II) be a Banach space with the Radon-Nikodym property and f : [a, b] --+ X 
be an absolutely continuous function on [a, b] with the property that f'  E Lp ( [ a, b]; X), p E [1, o¢), 
i.e., 
III Ill[,,bl,p IIf'(t)ll p dt < oo. (2.5) 
Then we have the inequalities 
f(s) 1 .L b dt - ~-a  (B)  f ( t )  
[i: i: ] 1 (t - ai Ilf'(t)[I dt + (b - t) I l f '(t) l l  dt <b-a  
1 
f' II 111[8,bl,1] [(s a) lll II1[.,.],1 + (b- s) l f '  , 
i :  f '  ~ L l ( [a,b];X);  
< 1 f, , (b - a)(q + 1)Uq [(s - a) 1/q+l III IIIto,.l,p + (b - s) i/q+l I[If'lNt.,bl,p] 
(2.6) 
1 1 
i fp> 1, - +-  = 1 andf'  ~L,,([a,b];X) 
P q 
I 1 s - (a+b) /2  , 
[7 + --b--s--U----]ll lf Illt.,bl,a, 
if f '  E Ll([a,b];X); 
< 1 rfs a'~ q+l l'b s~q+l] 1/q 
C~+~q [t~b~-~a) + t~b~_~a) J (b-a)'iqlllf'llli"'bl'P' 
if f e Lv([a,b];X ). 
PROOF. We have 
L s(t - a)IIf'(t)ll _< (s - a)Illf'lllta,s],l dt 
and 
fs b(b-- t)llf'(t)ll ~ (b -  s)[llf'lll[~,b],1, dt 
and the first part of the second inequality in (2.6) is proved. 
Using HSlder's integral inequality for scalar functions we have (for p > 1, 1/p + 1/q = 1) that 
Ls(t - a) [[f'(t)H dr< (L  s ,t - a[q dt) 1/q (L  s Hff (t)H p dr) 1/p 
(s - a)l/q+ 1 
-- (q + 1)Uq lllf'lllt.,8],p 
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and 
_ (b - s) 1/q+l f !  
(q+l ) l /q  Ill IIl[~,b],p, 
giving the second part of the second inequality. 
Since 
[ (s a) / '  II1[o,~],1 III/'ill[s,b],l - III + (b - s ) _ <  max{s - a ,b -  s} [1111'111[o,~],1 + IIl:'lll[~,b],a] 
i [1 ,, 
= (b-a)+ T III Ill[a,b],l, 
the first part of the third inequality in (2.6) is proved. 
For the last part, we note that for any ~,/3, 7, 5 > 0, and p > 1, l ip + 1/q = 1 we have 
(oLq .~_ /~q)l/q (,~p j¢_ (~p)l/p ~__ Og7 + ~(~, 
and then 
f, ( s -- a)  lq-1/q III III[~,,],p + (b - 8) 1÷1/q Ill/'lll[,,b],p 
[ (S -  a) q(l÷l/q) + (b -  8) q(l+l/q)] 1/q []][f, llli~,sl,p + NIf'III[P'b]'P ] 1/p 
= [(s -a )  l+q q- (b-s)l+q] 1/q IIf'(s)ll p ds+ IIIf'(s)lll p ds 
= [(8 -- a) l+q q- (b - s)l+q] 1/q IIIf'lll[~,b],p. 
The theorem is completely proved. II 
REMARK 2. The above theorem both provides refinements and extends for vector-valued func- 
tions the results in [9,10]. 
The best inequalities we can obtain from (2.6) in the sense of providing the tightest bound are 
embodied in the following corollary concerning the midpoint rule. 
COROLLARY 2. With the assumptions in Theorem 2, we have 
< b ----Z-~ J(~+bl/2 
I 1  f, Ill IIIta,b],l 
if f' ~ L~([a,b];X); 
< (b -- a ) l /q  LFIIIf'lllta,<a+b)/=],p + IIIf'lllt(°+b)/2,bl,p q] 21+l/q(q -[- 1)l/q (2.7) 
i fp>l ,  l+ l= landf ,  eLp([a,b];X) 
P q 1 [ 2 Illf'HIt+ll)]'bl'l i f / ' e  Ll([a,b];X); < 2(q -~ (b - a) 1/q IIIf'lllt.,b],p 
i fp > 1, 1_ + 1 = 1 and f' ~ Lp([a,b];X). 
P q 
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3. A QUADRATURE FORMULA OF THE R IEMANN TYPE 
Now, let In : a = x0 < Xl < -.. < Xn-1 < Xn = b be a partitioning of the interval [a, b] and 
define h, = xi+1 - xi, u(h) := max{hi I i = 0 . . . . .  n - 1}. Consider the mapping f : [a, b] ~ X, 
where X is a Banach space with the Radon-Nikodym property. Define the Pdemann sum by 
n- I  
An(Y, In, 4) := ~ h,/(~), (3.1) 
i=0 
where ~ = (~0,.. . ,  ~n-1) and ~i E [xi, xi+l] (i = 0 , . . . ,  n -  1) are intermediate (arbitrarily chosen) 
points. 
By Theorem 1, we may state the following result. 
THEOREM 3. Let f be as in Theorem 1. Then we have 
(B) f(t)dt = An(f, In,~i) + t~(LIn,~i), (3.2) 
where A~(f, In,~) is the Riemann quadrature given by (3.1) and the remainder t~(f ,  In,g) 
in (3.2) satisfies the bound 
IIRn(f, Zn,~)ll < ~ (t-x~)tlY'(t)ll dt + (xiq-1 - t )  llY'(t)tl dt 
i=0 ~ J~ 
n--1 
1 
f '  --~i) IIIf [llte,,=,+l],~ ] < ~ ~ [(& - z,) = III IIItx,,¢,l,~ + (X'+ 1 2 , 
i=0 
n--111 ( ~ )2]  < ~ h2+ & x, ,+1 IIIf'lllt=,,=,÷.l,~ (3.3) 
i=0 
r~-I 
1 2 
/=0 
n-1 
1 f ,  2 1 f ,  . <- 2 III llIio,bl,~ ~ h, < 7 (b ~)~(h) - - III lllIo,~l,~ 
/=0 
The inequalities are sharp in the sense presented above. 
If we consider the midpoint quadrature rule given by 
n- -1  
i=0 
then we may state the following corollary. 
COROLLARY 3. With the assumptions in Theorem 1, we have 
(B) f(t) dt = Mn (f, In) + Wn (f, In), (3.S) 
where Mn (f, In) is the vector-walued midpoint quadrature rule given in (3.4) and the remain- 
der Wn(f ,In) satisfies the estimate: 
n--1 [f(xlq-Xi+l)/2 /:~+' 1 
(t - z , )  IIf'(t)ll at  + (z,+~ - t) I I f ' ( t) l l  at IIW, (f, In)ll < ~,=o t-x, ,÷=,+~)/2 
1 ~-1 [I y, I I Ii(=,,=,+=,+,)/al,o~ ] - k II + IIIf'lll[(x,+=,+l)/2,x,÷~],~j 
,=o (3.6) 
n- -1  n - -1  
1 2 f l  1 f l  2 <_ ~ )-~h~ III IIItx,,x,+,],~ <- -~ III IIl[o,b],~ ~'~h~ 
,=0  /=0 
x (b-a)  lll IIl[~,b],o~v(h). - f~  <4 
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REMARK 3. It is obvious that ]IW,~(f,I,~)l ] ~ 0 as u(h) ~ O, showing that M,~(f,I,~) is an 
approximation for the Bochner integral (B) f :  f(t)  dt with order one accuracy. 
REMARK 4. Similar bounds for the remainder Rn(f,  In,~) and Wn(f,  In) may be obtained in 
terms of the p-norms (p E [1, c~)), but we omit the details. 
4. APPL ICAT IONS FOR THE OPERATOR INEQUALITY 
Let X be an arbitrary Banach space and £(X)  the Banach space of all bounded linear operators 
on X. We recall that if A E f_.(X) then its operational norm is defined by 
IIAII = sup{alAxii : x E X, IIxei _< 1}. 
We recall also that the series (~--~n>_0 (tA)n/n!) converges absolutely and locally uniformly for 
t E R. If we denote by e tA its sum, then 
IletAiI _< e tilAli, for all t _> 0. 
Another definition of e tA is given in the next section. 
PROPOSITION 1. Let X be a Banach space, A E £(X)  and 0 _< a < b < c~. 
s E [a, b], we have: 
(4.1) 
Then for each 
e,A l ib 1[ b,esA 1( 
- e tAdt < (2s -  a + I -~  eailAl] + eblVAlI -- 2esllAll . (4.2) 
b a -b -a  
PROOF. We apply Theorem 1 with X replaced by £(X)  and f(t)  = etA. Note that in this case, 
the function f is continuously differentiable, so that it is not necessary that X be a Radon- 
Nikodym space. We have, by (4.1), that 
(t - a)]lf'(t)ll dt < flAIl (t - a)e tllAII dt = (s - a)e sllAII - (e allAII - e sllAII 
- I IA i l  ' 
and 
~ss b ~sb(b -- t)e t''A'' - (b s)e sllA]' l (eb'IA" e s''A'' ) (b  - t)Ilf'(t)ll dt <_ IIAII dt = - + ~ - . 
On adding the two above inequalities, we obtain the desired inequality (4.2). I 
COROLLARY 4. With the assumptions in Proposition 1, we have the following inequality: 
e(a+b)/2 A l ~aabetA dt 1 (e(a/2)]eAi] e(b/2)iiA,i) 2 < - (4.3) 
b - a - (b  - a ) i lA l i  
Let GL(X)  be the subset of £.(X) consisting of all invertible operators. It is known that GL(X)  
is an open set in £(X).  
Using (4.3), we may state the following result as well. 
COROLLARY 5. Let A E GL(X).  Then the following inequality holds: 
Ae(a+b)/2A b-a1 (ebA -- e~A) --< ]IAII e(a+b)/2A b-a1 A_ 1 (ebA _ e~A) 
<-b-a1 (e(~/2) IIAII _ e(bl2)IIAII)2 
PROOF. The first inequality is obvious. For the second inequality we remark that 
~a betA dt : (e bA -- e aA) A-1 
and apply Corollary 4. I 
Another example of an operational inequality is embodied in the following proposition. 
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PROPOSITION 2. Let X be a Banach space, A E / : (X)  and 0 < a < b < oo. Then for each s E 
[a, b], we have 
sin(sA) 1 [bs in ( tA)d  t <_ [1 + (s- (a .+b)/2~ 2] (b a)[[A[[. (4.4) b - a .~ b - a ] J 
PROOF. We apply the first inequality from Theorem 1 for 
r 
(tA)2n+l 
f(t) = sin(tA) := ~--~(-1) n (2n + 1)!" 
n=0 
We have 
Then 
and 
I I (s in(tA)) ' [)  = I IAcos( tA) l l  ~ IIAl[. 
j~as(t - a)IlY(t)ll IIAll • a? (s 
/ 
dt < 
- 2 
COROLLARY 6. 
A)- 
If, in addition A E GL(X), then 
fsb(b -- t)[]f'(t)l[ dt < IIAII " (s 
b) 2 
- 2 
On adding the above inequalities, we obtain the desired result (4.4). Here, cos(tA) = ~-~n=o(-1)°° n 
((tA)2"/(2n)]) • I 
With the assumptions a  in Proposition 2, we have the following inequality: 
1 fbsin(tA) dt (b- a) 2 < ~ .  IIA[I. b-a  Ja - 4 
Asin (~-~--~ " A) + b--~a [cos(bA) - cos(aA) ] 
_<HAll. sin (~-~ . A) + b l--a A-l[cos(bA) -cos(aA)] 
< (b - a) 2 " HAIl2. 
- 4 
The similar result for cos(tA) will be summarised next. 
PROPOSITION 3. With the above notations, we have 
cos(sA) 1 lab dt [1 ( s - (a+b) /2~ 2 ] (i) b - a cos(tA) < + b - a ] (b - a)llAlt. 
cos ( -~  ) 1 fab cos(tA)dt (b-a)2 I [AH. ( i i )  • A b - a -< 
If, in addition A E GL(X), then 
(iii) Acos ( -~ .  A ) -b l~a[S in (bA) -s in (aA) ]  
<_ . _ 1_ .A-l[sin(bA ) _ sin(aA)] HAll cos (~-~ A)  b a 
< (b - a)  2 
- 4 IfAII2" 
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Another type of example is considered in the following. 
A densely defined linear operator A on a Banach space X is said to be sectorial [11] if (0, oo) c 
p(A) and there exists M = MA > 0 such that 
M 
IIR(t,A)II < - -  for all t > 0, (4.5) 
- l+t '  
where R(t, A) := (tI  - A) -1 is the resolvent operator of A. 
PROPOSITION 4. Let A be a sectorial operator on a Banach space X .  Then for 0 < a < s < b < 
oo, we have 
IIR2(s'A)-R(a'A)R(b'A)[I < (b -a ) (s+i )  2 [ a+l  + (i) 
and 
(ii) R2 ( -~,A)  - R(a ,A)R(b ,A)  <_ 
M3(b-a)  
(a+l ) (b+l ) (a+b+2)"  
PROOF. By the resolvent identity 
n(t,  A) - R(s, A) = (s - t)R(t, A)R(s,  A), 
it follows that 
d [R(t, A)] = -R2(t ,  A). 
We apply Theorem 1 in Section 2 for f ( t)  = R2(t, A) giving, from (4.5) 
d 2M 3 
[R2(t'A)] = 1I-2R3(t'A)II -< (t + 1) - - - - -~"  
Further, 
[;: ;: ] 1 (t - a)Ilff(t)ll dt + (b - t)IIf '(t)l I dt b -a  
-< ~ (1 + t) 3 dt + (1 + t) a dt 
< 2M3 [ ( s -a )  2 (b -s )  2 ] - b -a  [2 (a+ 1) ( ,+  1)2 + 2(b ; f f (7~1)2  
M 3 [ (8 ~_a_) 2 ~ ]  
<- (b-a)(s+l) 2 [ a+l  + 
Statement (i) is thus proved. Taking s = (a + b)/2 gives (ii). 
5. APPL ICAT IONS FOR VECTOR-VALUED 
DIFFERENTIAL  EQUATIONS 
Many problems of mathematical physics can be modelled using the following abstract Cauchy 
problem: 
~(t) = Au(t), t >_ 0 
(ACP~) 
u(0) = x, 
where A is a linear, usually unbounded, operator with domain D(A) on a Banach space X. For ev- 
ery particular mathematical physics problem, X is a suitable Banach space of functions and A is a 
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partial differential operator. By the classical solution for (ACPz), we mean a continuous differen- 
tiable function ux : [0, oo) --+ D(A) which satisfies (ACPx). A continuous function u : [0, co) --* X 
is said to be a mild solution for (ACPx) if there exists a sequence (xn)neN with x,~ e D(A) such 
that for each n the problem (ACPx) has a classical solution ux. (.) with lim,~-.oo ux. (t) = u(t) 
locally uniform on [0, oo). We say that the abstract Cauchy problem associated with a linear 
operator A is well-posed if for each initial value x E D(A) problem (ACP,)  has a unique classical 
solution. An example of an operator A for which the associated abstract Cauchy problem is 
well-posed is presented in the following. 
Let X be a Banach space and F.(X) the space of all bounded linear operators. We denote by ]t" I] 
the norms of vectors and operators. A family T = {T(t)}t>0 C £(X)  is called a semigroup of 
operators if the following conditions hold: 
($1) T(0) = I,  I is the identity operator on X; 
($2) T(t + s) = T(t) o T(s) for all t, s >_ 0. 
A semigroup T is said to be uniformly continuous if the mapping t ,  , T(t) : [0, oo) --* £(X)  
is continuous at to = 0 (or equivalently, is continuous on JR+) in the operational norm in £(X).  
A semigroup T is said to be strongly continuous (or C0-semigroup) if the mapping t ,  , T(t)x : 
[0, oo) ~ X is continuous at to = 0 (or equivalently on R+) for all x E X. It is well known [12] 
that if T is a uniformly continuous emigroup, then there exists an operator A E £(X)  such that 
f i  (tA) n 
T(t) = e tA :---- n! ' t > O. 
n=O 
In this case, the problem (ACPx) associated with A has a unique classical (or mild) solution and 
it is given by 
u~(t) = u(t) = dAx,  t > O. 
If T is a C0-semigroup, then its generator A with its domain D(A) are given by 
~x E X : l im T( t )x -  x exists in X~ D(A) 
t tlo t J 
and 
Ax = lim T(t)x - x t~o t ' x ~ D(A). 
It is easy to see that the function t ~-+ T(t)x is differentiable on R+ for all x E D(A). It is well- 
known [11,12] that the generator A is a closed and densely defined operator (i.e., D(A) is dense 
in X). In this case, the abstract Cauchy problem associated with A is well-posed. The classical 
solution is given by uz(t) = T(t)x for x E D(A) and the mild solution is given by u(t) = T(t)x 
for x E X. The converse result is also true. 
For example, if A is a linear operator with domain D(A), the abstract Cauchy problem associ- 
ated with A is well-posed and the resolvent set of A (p(A)) is nonempty, then A is the generator 
for a strongly continuous emigroup T [11,12]. Every C0-semigroup T has a growth bound. That  
is, there exist M > 0 and w E R such that 
I[T(t)l[ _< Me w*, for all t > 0. (5.1) 
Let f : R+ --* X be a locally Bochner integrable function. We consider the inhomogeneous 
abstract Cauchy problem 
iL(t) = Au(t) + f(t), t >_ O, 
(A,f ,O,x) 
u(O) = x, 
where A is the generator of a strongly continuous emigroup T and x E X. The function T(t  - .) 
f( .)  is measurable, because if {fn} is a sequence of simple functions, then gn(') := T(t  - ")fn(') 
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are measurable for each n E N (we used the strong continuity of T),  and gn(s) ~ T(t  - s ) f (s )  as 
n ---* c~, a.e., on [0, t]. Moreover, the function T(t  - .)f(.) is Bochner integrable on [0, t], because 
[[T(t - . ) f ( . )1[ -< Me°~tflf(.)[I and the function f is Bochner integrable on [0, t]. 
The mild solution of the problem (A, f, 0, x) can be represented by 
u( t )=x+(B)  T ( t - s ) f ( s )ds ,  t>O,  xEX,  
We may state the following theorem in approximating the mild solutions of the inhomogeneous 
system (A, f,  0, x). 
THEOREM 4. Let 0 = 3% < A1 < "'" < )%-1 < An = 1 and #~ E [A~,A~+I] (i = 0, n -  1). I f  
either 
(i) T is a uniformly continuous semigroup and f is a differentiable continuous X-valued 
function (X  is an arbitrary Banach space), or 
(ii) T is a strongly continuous emigroup, f is differentiable continuous and f ( t )  E D(A)  for 
an t > O, and AI(.) is a locally bounded function on [0, oo) 
hold, then the mild solution u(.) of (A, f ,  O, x) can be represented as 
where 
u(t) = x + S~()~,tt, ) + Q,()~,tt, t), t > O, (5.2) 
n-1 
Sn(A,/~, t) := t ~ (Ai+l - Ai) T [(1 - #4) t] f (#st) (5.3) 
i=0 
and the rema/nder Qn()t, #, t) satisfies, in the first case, the estimates 
IIQn(~,~,t) l[ IllYlti[o,~],~ .f' -< t%iiAii~ [llAll + Ill Illto,~],~l 
X Z ()~iq-1 -- )~i)2 _[_ /Zi 2 
i=O 
n-1  (5 .4 )  
1 t2ellAll , [llAll IllYlllto,,],~ + Ilt.f'lllto,tl,~] ~ (~,+~ - A,)2 -<~ 
4=0 
1 f ,  , -< ~ ~(,~)t~e liAll~ [llall IllYlll[o,~],~ + Ill Ill[o,~],~] 
where u()~) := max~=~--,-,-,-,-,-,-,-,-~(Ai+l  A~), and, in the second case, the estimates 
IIQ~(~,t*,t)ll < Mt2e °~t [IIIAf(')IIIto,,I,~ + IIIf'lllto,tl,oo ] 
X E ()~iq-1 -- )~i)2 q_ /~i 2 
i=0 ~_~ (5.5) 
1 t2Me~t [[[[Af(')[l[[0,t],oo + [[J [l[[0,t],o~] Z (Ai+l - Ai) 2 _ ft  -<2 
4=0 
1 u()Qt3eW * [lliAY(')lll[0,,l,oo + IIIf'lllt0,t],oo], -<3 
for each t E [0, c~), where w is a positive number such that the estimate (5.1) holds. 
PROOF. For a fixed t > 0, consider the function g(s) := T(t  - s) f (s) ,  s E [0, t]. 
differentiable on (0, t) and 
da(s) = d [T(t - s)f(s)] = -AT( t  - s ) f (s)  + T(t - s) f ' (s) ,  
ds ds 
Then g is 
for each s E (0, t). 
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We have, in the first case, that 
d~s s < t[[AT( t -")f(')ll[{o,t],oo + lilT( t -")f'(')H[[o,t],oo 
[0,t],oo 
< IIAlleilAIItlllflilto,t),~o + eJlaJlt IIIf'lilto,tl,o¢ 
= f '  ellAllt [IIAII IllYlll[o:],  + III IIIto,¢o ], 
for any t e [0, c~). 
In the second case, we have in a similar manner, that 
d~s [0,t],oo < Me~t [[[]Af(')lll[°'tl'~° + l[If'(')lll[0,tl,o~], 
for each t E [0, c¢). 
Now, consider the partitioning of the interval [0,t] given by xi := Ait (i = 0, n -  1) where 
0 = "~0 < )~1 < "*'  < )~n-1 < )~n ~ 1 and the intermediate points ~i = #it (i = 0,n - 1) where 
#i E [Ai, Ai+l] (i = 0, n - 1). If we apply Theorem 3 for a = 0, b = t, xi, ~i (i = 0, n - 1), and g 
as defined above, then we deduce the representation (5.2) and the remainder Qn(A, I~, t) satisfies 
either the estimate (5.4) or the estimate (5.5). It 
If we define the quadrature formula 
n--1 [( ) ] (  • t) 
Mn(X, t ) :=t~-~(A i+ l -A i )T  1 Ai+Ai+l  t f A i+Ai+l  
2 2 , ( ) 5 .6  i=O 
then we may state the following corollary. 
COROLLARY 7. Let 0 = Ao < )~I < "'" < )~n-I < )~n -= I. If either (i) or (ii) in Theorem 4 hold, 
then the mild solution u(.) of (A, f, O, x) can be represented as 
u(t) = x + M=(X, t) + Ln()~, t), (5.7) 
where M~(X,t) is as given in 
estimates 
IIL,~()~, t)ll S 
< 
where hi := Ai+1 - Ai > 0 (i = 
(5.6) and the rema/nder Ln()t, t) satisfies, in the first case, the 
n-1 
I t2ellAllt [flAIl l[[flll[0,t],oo -1-[llf'lll[0,t],oo] Z h2 
i=0 
1 , 
4 tav(h)ellAIIt [llmll III.fll[[0,tl,~o + III1 III[o,tl,~o], 
(5.8) 
0, n -  1), and, in the second case, the estimates 
< 
n--1 
I Mt2e~t [llUAf(.)lll[o:],  ÷ Ill.f'lll[o,¢ ,] 
i=0 
1 Mv(h)t3e~t [ll lAf(')l l l[o:l,~ + IIl:'lllto,t],oo] 
4 
(5.9) 
for each t E (0, c~). 
REMARK 5. In practical applications, it is easier to consider a uniform partitioning of [0, t] given 
by 
En:x i=( i ) . t ,  i=O,n,  
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and then (5.6) becomes 
.-1, o [ (  ) ] [ (~)  ] t 2n - 2i - 1 Mn(t) := -n ZT  2n t f t . (5.10) 
In this case, we have the representation f u(.) given by 
u(t) = x + Mn(t) + Vn(t), (5.11) 
where the approximation Mn(') is as defined above in (5.10) and the remainder V,~(-) satisfies 
the error bounds 
1 t3ellAii t [IIAII IllYlll[0,,l,oo + IIlY'lllt0,t],oo] (5.12) IIV,,(t)ll _< 
in the first ce.se, and 
IIV.(t)ll < 1MtZe~t [lllAf(')lllt0,tl,oo + IllY'lllt0,,],oo] (5.13) 
in the second case, for each t E [0, oo). 
6. NUMERICAL  EXAMPLE 
Let us consider the linear, ewo-dimensional, inhomogeneous differential system 
el(t) = -ul(t) + sint, 
a2(t) = -2u2(t) + cost, (6.1) 
ul(o) = u2(o) = o. 
The solution of this system is given by 
(~ 1 (-2e-2t +sint + 2cost)) (6.2) u(t) = (e -t + sin t - cos t),  g 
Now, if we consider 
~/=(t) :=-  e [((2n 2t 1)12n)tlsi n t , t , 
i=0  
then by (5.11) the exact solution of system (6.1), given in (6.2) may be represented as 
u(t) = ~. ( t )  + 9.(t),  
and by (5.13), we know that 
lim 15",~(t) = O, 
n---*0o 2 
for any t on [0, oo). We have 
B.Ct ) :=  9,,(t) 2 
= (e~.  s la t_  co~t)_  _t ~ e_tCC2._2,_l~/~.~,j st~ t 
n i=0 
t Z e-2[((2n-2i-1)/2n)t] COS [~,~]  t + (-2~ -~* + sint + 2 cost) - ~ ~=o 
0.0008 
0.0006 
0.0004 
0.0002 
20 - 4b  t~ 6b  - 80 1[]0 
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Figure 1. 
I f  we implement  Bn (.) for n = 103, then the plot of the error in approx imat ing the exact value u(.) 
by its approx imat ion -~/n(') on the interval [0,100] is embodied in F igure 1. 
REFERENCES 
1. J. Dietsel and J.J. Uhl, Jr., Vector measures, Amer. Math. Society, Mathematical Surveys 15, Providence, 
RI, (1977). 
2. J. Mikusifiski, The Bochner Integral, Birkh~iuser Verlag, Basel, (1978). 
3. W. Arendt, C.J.K. Batty, M. Hieber and F. Neubrander, Vector-Valued Laplace Transforms and Cauchy 
Problems, Birkhguser Verlag, Basel, (2001). 
4. E. Hille and R.S. Philips, l~unctional Analysis and Semi-Groups, Volume 31, Amer. Math. Soc. Colloq. Publ., 
Providence, RI, (1957). 
5. G.A. Anastassiou, Ostrowski type inequalities, Proc. of Amer. Math. Soc. 123 (12), 3775-3781, (1995). 
6. P. Cerone and S.S. Dragomir, Midpoint-type rules from an inequalities point of view, In Handbook of Analytic- 
Computational Methods in Applied Mathematics, (Edited by G. Anastassiou), pp. 135-200, CRC Press, New 
York, (2000). 
7. S.S. Dragomir and Th.M. Rassias, Editors, Ostrowski Type Inequalities and Applications in Numerical In- 
tegration, RGMIA Monographs, Victoria University (ONLINE: h t tp : / / rgmia ,  vu. edu. au/monographs), 
Kluwer Academic, Dordrecht, (2000) (to appear). 
8. A.M. Fink, Bounds on the derivation of a function from its averages, Czech. Math. J. 42, 289-310, (1992). 
9. S.S. Dragomir and S. Wang, A new inequality of Ostrowski's type in Ll-norm and applications to some 
special means and to some numerical quadrature rules, Tamkang J. of Math. 28, 239-244, (1997). 
10. S.S. Dragomir and S. Wang, A new inequality of Ostrowski's type in Lp-norm and applications to some 
special means and to some numerical quadrature rules, Indian J. of Math. 40 (3), 295-304, (1998). 
11. A. Pazy, Semigroups of Linear Operators and Applications to Partial Dii~erential Equations, Springer Verlag, 
(1983). 
12. R. Nagel, Editor, One-parameter semigroups of positive operators, Springer Lect. Notes in Math. 1184, 
(1986). 
13. S. Bochner, Integration yon Funktionen, deren Werte die Elemente ines Vektorraumes, Fund. Math. 20, 
262-276, (1933). 
